1.
Introduction. In what follows all small latin letters denote nonnegative rational integers. We suppose for the present that |X,-| <1 (lá*=j) and write
Fi ( If 7 = 1, we have
and so
Similarly we find that
Macmahon (Combinatory analysis ii, Cambridge, 1916) discussed in detail the case j = 1 and referred briefly to the more general case, commenting on its complexity. More recently Bellman (Bull. Amer. Math. Soc. Research Problem 61-1-3) has asked for a formula for Qî(n). My object here is to obtain formulae for Q¡(n) and R¡(n) for general j and n. For j > 1, these formulae cannot be reduced to anything as simple as in the case j -1, but we can make some progress in this direction and deduce certain results about partitions.
2. The formulae for Q¡;(n) and R¡(n). Let (2) «i, a2, a3, ■ ■ • be any infinite sequence such that \ak\ <1 for every k and SI"*I < ». We write If we now take all of
for the a in (2), we see that
Hence we have
These are the formulae for Qj(n) and R¡(n). For j = í, they were found by Macmahon (loc. cit.).
Again, (4) and (5) become
and
If E^m 7M =77, it is easy to show that h=i 2 2
Hence, if we write
we see from (6) that P3(«) is a polynomial of degree at most «(« -1)/2 in each of Xu ■ ■ ■ , X¡.
It follows from its definition that Qj(n) is a multiple infinite power series in Xi, • ■ ■ , X¡, the coefficient of each term being a non-negative integer. Since the ß are polynomials with integral coefficients, we see that all the coefficients in the polynomial P¡(n) are integers. It seems very likely that all these coefficients are non-negative, but this I have not been able to prove. In §1, we saw that (10) Pi(n) = 1 for all «. Unfortunately nothing so simple is true for j>l.
3. Properties of Py(w). We now suppose that Q¡(n) and P,(«) are defined by (6) and (7), so that Qj(n) and R¡(n) are rational functions defined for all values of the Xi except the rath roots of unity for which 1 ¿m ^«. Again, since Py(«) is a polynomial, it can be defined for all values of the Xi without exception. We write Py(0)=Q/(0) = Py(0) = 1 and see that P,(l) = 1.
We have now
Hence, by (6) and ( Next, we see that, in the sum on the right-hand side of (6), the factor (1 -Xj)n occurs in the denominator only in the term in which 7W = 1, hi=n, i.e. the term corresponding to the partition of n into 77 units. But the factor (1 -X¡)n occurs in ßj(l)ßj(2) ■ ■ ■ ßj(n) and so From (8) and (9), it follows that
For ra^2, the factor 1 -Xi occurs at least once more in the numerator of
than in the denominator. Hence
where F is a polynomial in the Xt. For a small value of ra, we can find the terms containing X? in Py(«) as follows. It is easily verified that G,(XÍF)GÍ-1(F) = G0) and so
where, as usual, each empty product denotes unity. The terms in Xj* occur in the first 777+ 1 terms on the right and can be expressed in terms of P,(/) and Pj-iin-l) for lgl^m. Thus the term in X¡ is x'fáíK'("-1)-Pw(")>-4. Calculation of P,(2) and P/3). By (6) and (9),
Similarly, since 3 = 2 + 1 = 1 + 1 + 1, we have = -^ {n a + XiXi + Xi+x!)+3 n a -3tî)
II (1 + 2X,-+ 2X,2 + X'i) + 3 11(1 -x!) + 2 11(1 -X, -X) + X,)
Fy(3) = 1 + E X\x\ + £ X\xlx\x\ +■■■
Macmahon (loc. cit.) gives the above form of Py (2), but dismisses Py(3) with the remark that it is very complex.
From the above, we have F2(2) = 1 + XiX2, P,(2) = 1 + XiZ2 + X2X3 + X3Xi and P2(3) = 1 + x\x\ + XiX2(l + Xi)(l + X2), The formulae (6) and (9) enable one to evaluate Py(«) for small j and « and, in particular, to pick out the coefficient of any given term. 7. An asymptotic expansion for large «. For fixed X¿ such that |X¿| <1 (l^i^j) we can find an asymptotic expansion of Qj(n) for large w. For simplicity, we confine ourselves to the case in which j = 2, Xi and X2 are real and positive and the ratio of their logarithms is not rational, so that X" =X2 is impossible for any positive integral m and v. In the complex F-plane, G2(Y) has a simple pole at each of the points x^'x;'8 (h, ti^o). where the 0( ) symbol refers to the passage of « to infinity.
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